The full-information secretary problem in which the objective is to minimize the expected rank is seen to have a value smaller than 7/3 for all n (the number of options). This can be achieved by a simple memoryless threshold rule. The asymptotically optimal value for the class of such rules is about 2.3266. For a large finite number of options, the optimal stopping rule depends on the whole sequence of observations and seems to be intractable. This raises the question whether the influence of the history of all observations may asymptotically fade. We have not solved this problem, but we show that the values for finite n are nondecreasing in n and exhibit a sequence of lower bounds that converges to the asymptotic value which is not smaller than 1.908. §1. Introduction and Summary. We consider the full-information secretary problem with the objective of minimizing the expected rank. Thus, we have a stopping rule problem with observations, X 1 , · · · , X n , known to be independent, identically and uniformly distributed on the interval [0, 1] . The payoff for selecting the k th observation, X k , is equal to R k , the rank of X k among X 1 , · · · , X n ,
§1. Introduction and Summary. We consider the full-information secretary problem with the objective of minimizing the expected rank. Thus, we have a stopping rule problem with observations, X 1 , · · · , X n , known to be independent, identically and uniformly distributed on the interval [0, 1] . The payoff for selecting the k th observation, X k , is equal to R k , the rank of X k among X 1 , · · · , X n ,
where I(A) denotes the indicator function of the event A. Note that we define the smaller observations to be the better ones (i.e. having smaller ranks), which is here more convienent. The problem is to find a stopping rule, N * , adapted to the sequence X 1 , · · · , X n , that minimizes the expected rank,
We refer to this problem as Robbins' problem, as it was posed as an unsolved problem by Robbins at the AMS/IMS/SIAM Conference on Sequential Search and Selection in
Real Time in Amherst, June 1990. In the "classical" secretary problem, solved by Lindley (1961) , one is only allowed to use rules that depend on the relative ranks of the observations (called the no-information problem) and the objective is to maximize the probability of selecting the observation of absolute rank 1 (the best-choice problem). The full-information best-choice problem was solved by Gilbert and Mosteller (1966) and the no-information expected-rank problem was solved by Chow et al. (1964) . Thus the solution to the fullinformation expected-rank problem would complete a two by two factorial design of secretary problems. The main motivation to study this problem is however that it touches questions of general interest. Given that a finite problem requires history-dependent optimal stopping rules, what structure of the problem would imply an "asymptotic irrelevance" of the history.
MOSER'S PROBLEM.
A closely related problem, due to Moser (1956) , is to choose a stopping rule,N ,
Moser shows that the optimal stopping rule for this problem is to stop after observing X k if X k ≤ a n−k , where a 0 = 1 , and inductively for j ≥ 1, a j+1 = a j − 1 2 a 2 j , and moreover, the optimal return is a n . Thus, the optimal rule iŝ 4) and its value is E XN = a n . Moser also shows that a n 2 n + log(n) + O(1) .
(1.5) Gilbert and Mosteller (1966) refine the O(1) to 1.767 . . . + o(1).
RELATIONSHIP BETWEEN MOSER'S PROBLEM AND ROBBINS' PROBLEM
There is a strong relation between the ranks, R k , and the values, X k . The distribution of X k given R k = r is the beta distribution with parameters r and n − r + 1, so that
Similarly, the other regression function is
Moreover, the correlation between X k and R k tends to one as n → ∞:
The regressions of X k on R k , and of R k on X k , are both linear and the correlation tends to one.
Thus, it would seem that if we replace the payoff, X k , by R k /(n + 1) in Moser's problem, we have not changed the problem much if n is large. That is, the problem of minimizing E X N and of minimizing E R N /(n + 1) should be asymptotically equivalent.
Since the former hasN as the optimal rule and value approximately 2/n , we expect that the problem of minimizing E R N should haveN as an asymptotically optimal rule and a value asymptotically equal to 2 .
Surprisingly, this is not true. In Section 2, we investigate the class of memoryless rules. These are rules for which the decision to stop at stage k depends only on X k and not on the values of any previously observed X i . We restrict attention to memoryless rules of the form,
where p = (p 1 , . . . , p n ) is a given sequence of numbers in the interval [0, 1] with p n = 1 (to guarantee N ≤ n ). We derive a formula for the expected rank of the object chosen by such a rule, and we apply the formula to the rule, 10) which is asymptotically optimal for Moser's problem, and show that it has asymptotic value 7/3 . This formula is also useful for finding the optimal rule of the form (1.9). In Section 3, we report briefly on the results of a numerical investigation of the optimal value and the optimal rule within this class.
In Section 4, we look at lower bounds for the value, V n , of Robbins' problem. We 
Proof. We first find the distribution of the stopping time of the rule N = N (p), given by (1.9).
To compute the expected rank using N ,
we need to compute
while for j < k , this quantity is zero if p j ≥ p k , and
Combining this into the formulas above, we find
and substituting this and (2.2) into (2.3) completes the proof.
As an example of the use of this formula, let us evaluate E RÑ whereÑ is the rule given in (1.10). The distribution ofÑ telescopes from (2.2) into the simple form,
The conditional expected rank simplifies to 9) so that the expected rank becomes
The first summation above is the contribution to the expected rank, E RÑ , given by those observations that come afterÑ , and the second summation is the contribution of those observations that come beforeÑ .
The first summation above is a Riemann approximation for large n to the integral,
Thus, the contribution of those observations that appear afterÑ already push the expected rank up to 2 as n → ∞. The second summation above is similarly a Riemann approximation to the double integral,
Thus, the expected rank usingÑ converges to 7/3 as n → ∞.
We may use (2.10) to find simple upper bounds for E RÑ , and hence for E R N * of Robbins' problem. Let V n denote the minimum expected rank, (1.2), for for finite n and
Corollary 1. For all finite n ,
13)
and hence V ≤ 7/3 .
Proof. The first summation in (2.10) is (2.14) and the second summation is 2 n(n + 1)
.
implies (2.13).
The minimum expected rank for the no-information problem (where rules must be based only on the relative ranks of the observations), was found by Chow et al (1964) 
and find that the limiting value exists for all c > 1 and is minimized by c = 1.9469 · · · giving a value of 2.3318 · · · for the expected rank. §3. Numerical Investigation of Memoryless Rules. Formula (2.1) is quite useful for numerical evaluation of the optimal rule within the class of memoryless rules of the form (1.9) with nondecreasing p k . For computational purposes, it is important to notice that it is multiquadratic; that is, it is quadratic in each variable with the others held fixed.
This is easily observed if we write it as a function of the q k in the following form.
It may also be noticed that the coefficient of each q 2 k is positive so that (3.1) is convex in each variable with the others held fixed. For a given p , E R N (p) can be made smaller by moving any p k toward its argminimum of (3.1) with the other p i , i = k , held fixed.
We report briefly on the results of a numerical investigation of the optimal value and the optimal rule within the class of memoryless rules. The optimal value p opt of p may be found by successive approximation as follows. An initial estimate of p is chosen, (Moser's rule is a reasonable choice), and an improved choice of p is found by successively evaluating the partial derivatives with respect to the q m for m = 1, . . . , n − 1, solving the resulting linear equation for q m and moving q m to this root, or at least as far as possible without violating monotonicity. This is repeated until no significant change is observed.
In Table 1 , we compare the returns of the rulesN ,Ñ , and N (p opt ). The value of the optimal rule within the class (1.9) seems to be approaching again a value close to 7/3. In Table 2 , selected values of the optimal rule within the class (1.9) are displayed. The rule N (p opt ) seems to be approaching Moser's rule,N , as n → ∞.
Extrapolation techniques allow us to estimate the limit of the sequence E R N (p opt ) to be 2.32659 · · ·. Assaf and Samuel-Cahn (1991) succeed in giving an explicit rule with the value 2.3267 already very close to this. In the terminology of our paper their rule 
There is a simple argument that gives a lower bound to V of about 1.42 . . . as follows.
Suppose we modify the problem in favor of the decision maker by changing the payoff for stopping at k to be 1 if R k = 1 and 2 if R k > 1 . The problem then becomes one of finding a stopping rule N to minimize P(
or, equivalently, to maximize P(R N = 1). This is just the full-information best-choice problem solved by Gilbert and Mosteller (1966) We extend this idea as follows. To make it harder for the decision maker, we count ranks 1 to m at their value and any higher rank as m + 1 . This gives an increasing sequence of modified payoffs indexed by m , converging monotonically to the actual rank, R k (n), as m → n . Specifically, the payoff for stopping at k is
The decision maker would now only stop at a relative rank less than or equal to m , except at the very last stage when he must stop.
denote the value of this problem. We first show that
and V n are monotone in n .
Theorem 2. The sequences V (m) n
and V n are monotone nondecreasing in n .
Proof. We give the proof for V n , the proof for V (m) n being similar. The method we use compares V n with how well we can do knowing X (n) , the largest order statistic of X 1 , . . . , X n from the start. For this purpose, let F k denote the σ -field generated by X 1 , . . . , X k , and let F (n) k denote the σ -field generated by X (n) , X 1 , . . . , X k for k = 0, 1, . . . , n, so that both {F k } and {F
k . Let C n denote the class of stopping rules, N ≤ n , adapted to {F k } , and let C n denote the larger class of stopping rules stopping adapted to {F
In the problem of minimizing E{R
0 } using N ∈ C n , we are given the value of X (n) , so the optimal rule will never stop on it. Moreover, conditioned on X (n) , the other X j are i.i.d. from a uniform distribution on (0, X (n) ). This is the original problem with sample size reduced to n − 1 and distribution changed to the uniform on (0, X (n) ). It has value V n−1 for all X (n) , and optimal strategy that may be obtained by scaling the optimal strategy for X (n) = 1 , i.e. replacing X k by X k /X (n) . Thus, a measurable rule, N * ∈ C n may be constructed that achieves the minimum value of V n−1 = E{R
0 } for all X (n) . Substitution of this value into (4.3) completes the proof.
From this theorem, we have that
exists for all m and that
is monotone nondecreasing in m for each n since R k (n, m) is a.s. nondecreasing in m for each n and k . Then, since V
is monotone nondecreasing in n for each m , so that
We describe briefly the computational problems involved in evaluating V (m) n . First we make a simple modification that improves the lower bound. We count against the decision maker all better observations that arrive after he has made his choice. This amounts to replacing the payoff (4.2) by
We have replaced the future payoff by its expectation given X 1 , . . . , X k without loss of REMARKS: What does the optimal limiting strategy look like? Is it a memoryless threshold rule? We do not know. For fixed n , the instantaneous reward by selecting a point is a function of both its relative rank and its magnitude. All other information is redundant.
But the future reward under optimal behavior depends also on the pattern of the previously observed points especially those close to zero. For example, suppose n = 100 , and we have just observed X 20 = .025 which is of relative rank 2 . If the best observation is has value
.024 , we would be more inclined to continue than if it were .011 , say. Similarly, if the next best three observations were .026 , .028 , and .029 , we would be more inclined to stop than Kennedy and Kertz (1991, Section 3) . Unfortunately, exchangeability does not seem to be enough to reveal the shape of the optimal threshold function.
